Given a finite simplicial complex, a unimodular representation of its fundamental group and a closed twisted cochain of odd degree, we define a twisted version of the Reidemeister torsion, extending a previous definition of V. Mathai and S. Wu. The main tool is a complex of piecewise smooth currents introduced by J. Dupont in [5] .
Introduction.
Let X be a compact, oriented, smooth manifold, denote Ω
• (X) the de Rham complex of smooth forms on X. Let (E, ∇) be a vector bundle with flat connection over X, denote Ω
• (X, E) = (Ω • ⊗ E)(X) the E valued differential forms on X, recall that the connection ∇ : E(X) −→ Ω 1 (X, E) extends to a differential δ : Ω
• (X, E) −→ Ω •+1 (X, E). If T ∈ Ω • (X) denotes a closed, odd-degree differential form, then the twisted de Rham complex attached to these data is the Z 2 -graded 3 complex ((Ω • ⊗ E)(X), δ + T ∧ ). When T is of degree three, its cohomology was first considered by R. Rohm and E. Witten in [14] , in connection with string theory. It is the recipient of the Chern character in twisted K-theory, as defined by P. Bouwknegt et. al. in [4] or by M. Atiyah and G. Segal in [2] .
A simplicial counterpart of the twisted de Rham cohomology was considered by V. Mathai and S. Wu in [10] : Let K be a finite simplicial complex, ρ : π 1 (K) −→ GL(E) a representation of its fundamental group, let (C • (K, E), ∂) denote the complex of simplicial cochains twisted by ρ. If ϑ ∈ ⊕ i 1 C 2i+1 (K) is a cocycle of degree greater than dim K/2, they consider the Z 2 -graded complex (C • (K, E), ∂ + ϑ ∪), its cohomology H even (K, E, ϑ) and H odd (K, E, ϑ) is the twisted simplicial cohomology attached to K, E, ϑ 4 . When the representation ρ is unimodular, Mathai and Wu consider also a twisted version of the Reidemeister torsion, which is an element of the determinant line det H
• (K, E, ϑ). If K is a smooth triangulation of a smooth manifold and ϑ is of maximal degree, then it maps under a canonical isomorphism to the twisted version of the Ray-Singer torsion. The last lives in the determinant line of the twisted de Rham cohomology, and it is the main object of study in [10] .
In this note, using a complex of simplicial currents introduced by J.L. Dupont in [5] , we show that one can define a twisted simplicial cohomology and a twisted Reidemeister torsion without the restriction deg ϑ > dim K/2. For smooth manifolds, this twisted simplicial cohomology is isomorphic to the twisted de Rham cohomology. Also, the torsion defined here maps under a canonical isomorphism of determinant lines to the twisted Reidemeister torsion introduced by Mathai and Wu, when the later is defined. Invariance under subdivision holds both for the twisted simplicial cohomology and the twisted torsion. If the representation ρ is trivial then, instead of Dupont's currents one can define twisted cohomology just using the Sullivan-ThomWhitney algebra of piecewise smooth differential forms, this was indeed done by D. Freed et al. in [7, (2.1) ].
Twisted cohomology and twisted Reidemeister torsion.
Determinants (see [9] , [8] ): Let k be a field of characteristic zero, let P ic Z (k) denote the category of graded k-lines. An object of P ic Z (k) is a pair L = (ℓ, n) where ℓ is a 1-dimensional k-vector space and n ∈ Z. In this category, Hom((ℓ 1 , n 1 ), (ℓ 2 , n 2 )) = ∅ if n 1 = n 2 and Hom((ℓ 1 , n), (ℓ 2 , n)) = Hom k (ℓ 1 , ℓ 2 ) − {0}. There is a tensor product functor ⊗ : P ic
It is proved in loci cit. that P ic Z (k) is a Picard category, with unit (k, 0), the standard associativity constraint and the commutativity constraint
given by u ⊗ w −→ (−1) n 1 n 2 w ⊗ u. In particular, given a family of graded lines {L i } i∈I , the tensor product ⊗ i∈I L i is unambiguously defined up to a canonical, functorial isomorphism. If L 1 , L 2 are graded lines, we write
For (ℓ, n) a graded line, the reference to the integer n will be omitted when no confusion arises.
Given a k-vector space V of dimension n > 0, put det V = ( n V, n) (and put det{0} = (k, 0)). Let
be a bounded complex of finite dimensional k-vector spaces. The determinant of C is the graded line
Regarding the cohomology of C as a complex with zero differential, we can consider also
and it is proved in [9] that there is a canonical, functorial isomorphism det C −→ det H • (C , ∂) that we call the Knudsen-Mumford isomorphism.
A morphism of Z 2 -graded complexes is a linear map preserving both the differentials and the decompositions. The twisted cohomology of (C, ∂) is defined by
where the dot denotes the term placed at zero, i is the inclusion and π the projection. The Knudsen-Mumford isomorphism gives
and since C od /B ∼ = A, the right hand side is canonically isomorphic to det C, so we are done.
If (C, ∂) is a Z 2 -graded complex, we denote C the (Z-graded) complex defined by
and where the differentials ∂ :
A morphism of filtered Z 2 -graded complexes is a morphism of Z 2 -graded complexes which preserves the filtrations.
Given a filtered Z 2 -graded complex (C, ∂, F ev * , F od * ), the associated complex C is filtered by the subcomplexes F p , p ∈ N, defined by
Proof. The spectral sequence is the one associated to the filtered differential complex ( C, F ), the statement follows e.g. from [11, Theorem 3.2] or [3, 14.6 ].
Twisted cohomology:
be a dg-a-module, assume a i = 0 and m i = 0 for all but a finite number of i ∈ N. Let t = i 1 t 2i+1 ∈ a be an element with all components of odd degree greater or equal than three and such that ∂ a t = 0, set
is a Z 2 -graded complex and so we can consider its twisted cohomology. The following proposition is stated in several articles, and it is proved in [15] . The proof we include here avoids the use of exact couples.
Proposition 2. Under the assumptions and with the notations above:
i) There is a spectral sequence {E
which converges to the twisted cohomology of (m, ∂ t ), in the sense that there are finite decreasing exhaustive filtrations {G
In the sequel, if we want to make explicit the Z 2 -graded complex which gives rise to this spectral sequence, we will denote it by {E(m,
Proof. (see also [15, 3.2] ): Setting
we have a filtered Z 2 -graded complex (m, ∂ t , F ev * , F od * ). By proposition 1 there is a spectral sequence whose E 1 -term is
if q is odd.
One checks that d 1 = ∂, and the filtrations F ev * , F od * are clearly bounded, so i) follows from proposition 1. In particular, if
For ii), notice that for each r 2 and p, q ∈ Z, we have E
. Then, one obtains the isomorphism in ii) from i) and lemma 1, functoriality is easily checked.
The following elementary lemma will be useful in the sequel:
Proof. The morphism f induces a morphism {f n } n 1 between the spectral sequences in the previous proposition. The rows of E(m i , ∂ t i ) p,q 1 are zero for q odd and are equal to the untwisted complex (m i , ∂ i ) for q even (i = 1, 2), then the morphism f unt is given by the morphism f 1 between the E 1 -terms of the associated spectral sequences. It f unt is a quasi-isomorphism, the E 2 -terms are isomorphic via f 2 , and then by standard arguments so are the abutments.
Reidemeister torsion (see [12, section 1] , [10, 5.2] ): Given a simplicial complex K, we denote by C • (K) the complex of simplicial chains of K with real coefficients. Assume that K is finite and connected, let π : K −→ K denote the universal covering space of K with the induced simplicial structure, orient the simplexes of K and K so that the restriction of π to each simplex is orientation preserving. Notice that the action of π 1 (K) by covering transformations endows C • ( K) with a structure of right R[π 1 (K)]-module.
Let ρ : π 1 (K) −→ GL(E) denote a real or complex finite dimensional representation of the fundamental group of K, denote by H
• (K, E) the cohomology of the complex C
Choose an embedding of K as a fundamental domain in K, an order on the set of i-simplexes of K, a metric on E (hermitian in the complex case) and a unit volume element attached to the metric. These choices determine volume elements
. If the representation ρ is unimodular (that is, if the norm of det(ρ(g)) is one for all g ∈ π 1 (K)), then τ (K, E) is independent of the choice of the embedding of K into K, up to a scalar of unit norm. If K is homeomorphic to a compact, oriented, odd dimensional manifold, then the Reidemeister torsion is independent of the chosen metric on E (again, up to a scalar of unit norm)
6 .
Dupont's simplicial currents (see [5] ): For q ∈ N, denote ∆ q the standard qdimensional simplex and ε i : ∆ q−1 −→ ∆ q the inclusions of its faces (0 i q). Let K be a simplicial complex, K q the set of its q-dimensional simplexes,
Denote by A
• (K) = ⊕ k∈N A k (K) the Sullivan-Thom-Whitney dg-algebra of piecewise smooth real differential forms on K. Recall that elements of A k (∆ q ) are smooth k-differential forms on ∆ q , and elements of A k (K) are families {ϕ σ } σ , where σ ∈ q K q , such that
The differential is given by (dϕ) σ = dϕ σ , we refer to [6, Chapter 10] or [3, Chapter 9] for more information on these algebras and their properties. They were used in the context of twisted cohomology in [2, §6] , for the purpose of dealing with topological spaces which are not manifolds.
In [5] , Dupont introduces a homological complex Du • (K) of piecewise smooth currents on K, defined as follows: If n ∈ N, then
the differential ∂ n : Du n −→ Du n−1 is defined by
where ω ∈ A j (∆ n+j ) and σ ∈ K n+j . The following properties hold, see [5] :
Proposition 3.
i) The Dupont complex is functorial with respect to simplicial maps. More precisely, a simplicial map f :
ii) The product
iii) The chain map ψ :
By i), the group π 1 (K) acts on the right on Du • ( K) by covering transformations, so we can consider the complex of R-vector spaces m
Definition 2. Let K be a finite simplicial complex, let ρ : π 1 (K) −→ Aut(E) be a real or complex finite dimensional representation of the fundamental group of K, denote by ∂ the differential of m
Then, (m • (K, E), ∂ t ) is a Z 2 -graded complex, and we define the twisted simplicial cohomology attached to K, E, t by
We put det
Remarks. i) By definition, H ev (K, E, t) and H od (K, E, t) are real vector spaces. However, if ρ is a rational representation and, instead of piecewise smooth forms, one considers piecewise polynomial forms with rational coefficients, then, in the same way as above, one can define a twisted simplicial cohomology over Q.
ii) Twisted simplicial cohomology (and similarly twisted de Rham cohomology) depends on the piecewise smooth form t and not just on the cohomology class it defines. Still, if we assume for simplicity that t is of pure odd degree 2i + 1, we can put
where • = ev, od and the direct system is given by the transition maps
In fact, since all transition maps are isomorphisms, one could work with inverse limits as well. By its very definition, H • (K, E, [t]) depends only on the cohomology class defined by t.
We prove next functoriality and invariance under subdivision of H
• (K, E, t):
for • = ev, od, where f * E denotes the representation
Proof. It follows from the definitions that the given data induce a morphism of filtered Z 2 -graded complexes (m
• are the induced maps in cohomology, the proof of ii) is straightforward.
, then there are canonical isomorphisms
Proof. By functoriality of twisted cohomology and the simplicial approximation theorem (see e.g. [13, Chapter 2]), we can assume there is a map K ′ −→ K which is a simplicial approximation of the identity map between the underlying topological spaces . We have an induced map of filtered Z 2 -graded complexes (m
. By lemma 2, this map induces a morphism (m
. By invariance of cohomology under subdivision, the last is a quasi-isomorphism, so by lemma 2 we are done.
Proof. Both C • ( K) and Du • ( K) are complexes of free R[π 1 (K)]-modules, a basis of C n ( K) is given by the elements of K n , regarded as elements of C n ( K) via the choice of an inclusion of K as a fundamental domain in K, a basis of Du n ( K) is given by the elements of the form ϕ ⊗ σ, where σ ∈ K n+j , and ϕ ∈ A j (∆ n+j ), j 0 runs over a basis of A j (∆ n+j ) as an R-vector space. Since ψ is a quasi-isomorphism, it follows that ψ * is a quasi-isomorphism as well, as claimed in i).
To prove ii), notice that from i) follows that
By proposition 2, we also have
and then the claimed isomorphism follows.
Definition 3. Assume that the representation ρ is unimodular. We define the twisted Reidemeister torsion attached to K, E, t, denoted
as the image of the Reidemeister torsion τ (K, E) ∈ det H • (K, E), under the isomorphism in lemma 3.ii). The following invariance under subdivision holds:
the isomorphism induced by the isomorphisms in proposition 5. Then, up to a scalar of norm one,
Proof. By lemma 3.i), via the isomorphism ψ * we can view Reidemeister torsion as an element of det H
• (m • (K, E), ∂). As in the proof of proposition 5, we can assume we have a simplicial approximation of the identity map K ′ −→ K. By functoriality in proposition 2.ii), we have a commutative square of isomorphisms
where the horizontal arrows are given by proposition 2. It is known that, up to a scalar of unit norm, (untwisted) Reidemeister torsion is invariant under subdivision. The twisted Reidemeister torsion attached to K, E, t (respectively, K ′ , E ′ , t ′ ) is the image of the untwisted one under f K (resp., f K ′ ). Then, the result follows.
Remark. In [1] , C. Arias Abad and F. Schätz define a Reidemeister torsion for flat superconnections and prove invariance under subdivision. Their construction can be applied to (m • (K, E), ∂ t ), it seems reasonable to expect that the torsion they defined coincides (up to elements of unit norm) with the one defined above.
Comparison of twisted cohomologies and torsions.
Comparison of twisted cohomologies in the smooth case: Let X be a compact, connected, oriented smooth manifold, denote by Ω
• (X) the de Rham algebra of smooth differential forms on X, denote by H
• (X, R) its cohomology, let T = i 1 T 2i+1 ∈ Ω
• (X) be a closed differential form on X with all components of odd degree greater or equal than three. Let (E, ∇) be a flat vector bundle over X, put Ω
Following [10] , [14] , define the twisted de Rham cohomology groups attached to the data X, E, T as H ev (X, E, T ) := H ev (Ω • (X, E), δ T ), H od (X, E, T ) := H od (Ω • (X, E), δ T ).
Let E ∇ denote the local system of flat sections of E, π : X −→ X the universal cover of X, E = Γ( X, π * E ∇ ) the space of global sections of the pull-back of E ∇ , denote ρ : π 1 (X) −→ Aut(E) the monodromy representation. Endow X with a smooth triangulation given by a finite simplicial complex K and X with the induced triangulation. Then, we have the following comparison of twisted cohomologies (see also [10, Lemma 5.3 
]):
Proposition 7. There are canonical isomorphisms H ev (K, E, T ) ∼ = H ev (X, E, T ) , H od (K, E, T ) ∼ = H od (X, E, T ) . which induce an isomorphism
such that ι(τ M W (K, E, ϑ)) = τ twist (K, E, t).
Proof. The map ψ in proposition 3.iii) induces a morphism of filtered Z 2 -graded complexes ψ * : (m • (K, E), ∂ t ) −→ (C • (K, E), ∂ ϑ ) which, by lemma 2, induces a morphism (m • (K, E), ∂) −→ (C • (K, E), ∂) between the untwisted complexes. The last is a quasi-isomorphism by lemma 3.i), so by lemma 2 the twisted cohomologies are isomorphic.
The induced isomorphism between determinant lines factors as the composition
Here, the first and third equalities (that is, canonical isomorphisms) follow from proposition 2, ii), while the second is induced by the map ψ * considered above. Then, the statement about twisted Reidemeister torsions follows from the definitions.
